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The effects of a spin-orbit interaction on transition-metal ions of (4d)3- and (5d)3-based
oxides in which three electrons occupy t2g orbitals are studied. The amplitude of the magnetic
moment of d electrons on the 5d and 4d orbitals is estimated by numerical diagonalization. It is
found that the magnetic moment is reduced by the spin-orbit interaction. It is suggested that
(4d)3- and (5d)3-based oxides are located in the middle of the L-S and J-J coupling schemes.
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Transition-metal oxides, which have three 5d or 4d
electrons, have been focused on recently. For example,
NaOsO3 (5d
3) exhibits a novel metal-insulator transi-
tion called the Slater transition,1 and SrTcO3 (4d
3) has
a very high antiferromagnetic transition temperature of
TN ∼ 1000 K.
2 Since the Os ion (or Tc ion) is surrounded
by six oxygens, the five 5d (or 4d) orbitals are split into
the t2g and eg orbitals by the crystalline electric field
(CEF), as shown in Fig. 1(a). Thus, three electrons oc-
cupy t2g orbitals.
When we study a spin state of d3 electrons, we usu-
ally adopt the L-S coupling scheme particularly in the 3d
case: we construct the S = 3/2 and Lp = 0 states using
Hund’s rule as shown in Fig. 1(a), where S and Lp are
the total spin and orbital angular momenta in the t2g or-
bital. It is thought that the spin-orbit interaction (SOI)
does not play an important role in determining the elec-
tronic state of the d3 system because Lp = 0. Thus, it
is expected that the amplitude of the magnetic moment
will be about 3 µB.
Recently, it has been reported that the amplitude of
the magnetic moment of the Os ion in NaOsO3 is about
1.0 µB, as determined by the neutron scattering exper-
iment.3 The electronic state of NaOsO3 has been dis-
cussed from the results of the first principles calculations,
and the amplitude is consistent with the experimental
value.4, 5 It was also reported that the amplitude of the
magnetic moment of the Tc ion in SrTcO3 is about 1.9
µB.
2 This electronic state has also been studied using
first principles calculations and the effective model, and
the amplitude has been found to be consistent with the
experimental value.6, 7 This magnetic moment has been
discussed on the basis of the idea that the reduction in
the magnetic moment is due to the hybridization between
the d and p orbitals around a transition metal. However,
the origin of the reduction in the magnetic moment has
not yet been fully understood. In particular, the role of
SOI has not been well studied in these d3 systems.
In this Letter, we show that the magnetic moments of
(4d)3 and (5d)3 ions are reduced by SOI. Then, we find
that these d3 ions are located in the middle of the L-S
and J-J coupling schemes.
To understand the electronic state of d3 ions, we use
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Fig. 1. Schematic pictures of (a) L-S coupling and (b) J-J cou-
pling in d3 state.
the following Hamiltonian:
Htot = H
int
d +H
SO
d , (1)
where H intd and H
SO
d are the Hamiltonians for Coulomb
interactions and SOI on d orbitals. Their explicit forms
are given as
H intd = Ud
∑
i=1,2,3
ni↑ni↓
+
U ′d − Jd
2
∑
i,i′=1,2,3
(i6=i′)
∑
σ
niσni′σ
+
U ′d
2
∑
σ 6=σ′
∑
i,i′=1,2,3
(i6=i′)
niσni′σ′
+
Jd
2
∑
i,i′=1,2,3
(i6=i′)
(d†i′↑di↑d
†
i↓di′↓ + h.c.), (2)
HSOd =
iζ
2
∑
lmn
ǫlmn
∑
σ,σ′
σnσσ′d
†
i,lσdi,mσ′ , (3)
where Ud, U
′
d, Jd, and ζ are the intra- and inter-Coulomb
interactions, ferromagnetic exchange interaction (Hund’s
1
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rule coupling), and the magnitude of SOI between li and
si where li and si are the orbital and spin angular mo-
menta of the i-th electron, respectively. These Coulomb
interactions have the relation Ud = U
′
d + 2Jd. diσ is the
annihilation operator of the i-th orbital (i = 1, 2, 3) with
a spin σ, nd ≡ d
†
iσdiσ, and ǫlmn is the Levi-Civita symbol.
By diagonalizing Htot, the eigenvalues and eigenstates
are determined. Figure 2 shows the ζ dependences of
eigenvalues for U ′d = 1.0 (eV) and Jd = 0.5 (eV). The
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Fig. 2. (Color online) Spin-orbit interaction (ζ) dependences of
eigenvalues for U ′
d
= 1.0 (eV) and Jd = 0.5 (eV). The number in
parentheses indicates the degree of degeneracy.
lowest-energy state is quadruply degenerate and char-
acterized by the total angular momentum of J˜ = 3/2,
which is a good quantum number of the Hamiltonian
eq.(1), where J˜ ≡ Lp + S . The energy of this state de-
creases as ζ increases. It is also found that this energy
level does not cross each other. Note that all of the di-
agonal matrix elements of eq. (1) are 3U ′d− Jd. Since U
′
d
appears only in the diagonal matrix elements, the energy
difference between eigenvalues is independent of U ′d.
Figure 3 shows the ζ dependences of the zero, single,
and double occupancies of the yz orbital for Jd = 0.1
(eV) (dashed lines) and 0.5 (eV)(solid lines). Here, the
occupancy of the yz orbital in the ground state is esti-
mated as
Oyz =
1
4
4∑
j=1
〈j|Oˆyz |j〉, (4)
where j indicates quadruply degenerate ground states,
and the operators of the zero, single, and double occu-
pancies are respectively defined by
Zˆyz ≡ 1− n1↑ − n1↓ + n1↑n1↓, (5)
Sˆyz ≡ n1↑ + n1↓ − 2n1↑n1↓, (6)
Dˆyz ≡ n1↑n1↓. (7)
Since the split due to the CEF is zero, Zyz = Zzx = Zxy,
Syz = Szx = Sxy, and Dyz = Dzx = Dxy. The single
occupancy is indicated by red lines. The zero and double
occupancies are indicated by blue lines, and the line of
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Fig. 3. (Color online) Zero, single, and double occupancy on yz
orbital for Jd = 0.1(eV) (dashed line) and Jd = 0.5(eV) (solid
line). Red and blue lines indicate single and zero (double) occu-
pancy. The line of zero occupancy is identical with that of double
occupancy.
the zero occupancy is identical to the line of the double
occupancy, because these states of the zero and double
occupancies appear simultaneously. It is found that the
zero and double occupancies increase as ζ increases. It is
suggested that the decrease in Syz denotes the reduction
in the spin moment, while the increase in Zyz and Dyz
indicates the enhancement in the orbital moment.
Figure 4 shows the ζ dependence of the amplitude
of the magnetic moment (Mtot/µB, Ms/µB, Ml/µB) for
Jd = 0.5 (eV) (solid lines) and Jd = 0.1 (eV) (dashed
lines), where Mtot/µB, Ms/µB, and Ml/µB are the am-
plitudes of the total, spin, and orbital magnetic moments,
respectively. Mtot/µB, Ms/µB, and Ml/µB are defined
by Mtot/µB = |
∑
i(l
i
z + 2s
i
z)|, Ms/µB = |
∑
i 2s
i
z|, and
Ml/µB = |
∑
i l
i
z|, where s
i
z and l
i
z are the z components
of the spin and orbital angular momenta of the i-th elec-
tron, respectively. These are expressed by the green, red,
and blue lines, respectively. As ζ increases, Ms/µB de-
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Fig. 4. (Color Online) The amplitudes of the total, spin, and
orbital magnetic moments (Mtot/µB, Ms/µB, Ml/µB) are for
Jd = 0.1(eV) (dashed line) and Jd = 0.5(eV) (solid line), which
are expressed by the green, red, and blue lines, respectively.
J. Phys. Soc. Jpn. Full Paper 3
creases, while Ml/µB increases. This is because the zero
and double occupancies increase, as shown in Fig. 3.
Then, Mtot/µB decreases in total. The limiting values of
Ml/µB andMs/µB for ζ →∞ with Jd = 0.1 (eV) (shown
in Fig. 4) suggest that Lp and S in the limit of ζ → ∞
are Lp = 1 and S = 1/2, because Ml/µB = L
z
p = 1.0
and Ms/µB = 2S
z = 1.0 where Lzp and S
z are the z
components of Lp and S, respectively.
The reason whyMtot/µB decreases is explained by the
J-J coupling scheme, as shown in Fig. 1(b). Since the
angular momentum of t2g orbitals, lt2g , corresponds to
that of pseudo p orbitals lp as lt2g = −lp, the Γ8 quartet
and Γ7 doublet are constructed by SOI between s = 1/2
and lp = 1. Three electrons on the t2g orbital occupy Γ8
states of j˜z = 3/2, 1/2, and −1/2 as shown in Fig. 1(b),
where j˜ ≡ lp + s. Since the d
3 state corresponds to the
case of one hole on Γ8 orbitals, its situation is the same
as that in the case of one electron on Γ8 orbitals. It is
well known that the Lande´ g factor of j˜ = 3/2 on the t2g
orbital, which may be called a “modified” Lande´ g factor,
is g˜j˜=3/2 = 0 for ζ →∞, if one electron occupies Γ8 and
the effect of Γ7 is neglected.
8 Thus, it is found that the
g factor in the case of one hole is also g˜J˜=3/2 = 0.
Generally, the Lande´ g factor can be estimated in-
dependently of the amplitude of ζ. Figure 5 shows a
schematic picture of J˜, Lp, S, −Lp+2S, and g˜J˜ J˜, which
is the component of −Lp + 2S parallel to J˜. Then, the
J
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Fig. 5. (Color Online) Schematic picture of Lp, S, J˜, and g˜J˜ J˜,
where g˜
J˜
is a “modified” Lande´ g factor and g˜
J˜
J˜ is the compo-
nent of −Lp + 2S parallel to J˜.
component ofM parallel to J˜, whereM ≡ µB(−Lp+2S),
is determined by the relations
M · J˜ = g˜J˜µBJ˜
2, (8)
and
M · J˜ =
[3
2
(S2 − L2p) +
1
2
J˜2
]
µB. (9)
Therefore, the “modified” Lande´ g factor is given by
g˜J˜ =
3
2
S(S + 1)− Lp(Lp + 1)
J˜(J˜ + 1)
+
1
2
. (10)
It is found that g˜J˜ = 2 and Mtot/µB = 3.0 for Lp = 0,
S = 3/2, and J˜ = 3/2 corresponding to ζ = 0. On the
other hand, g˜J˜ = 0 and Mtot/µB = 0.0 for Lp = 1,
S = 1/2, and J˜ = 3/2 corresponding to ζ → ∞, in
accordance with the result shown in Fig. 4. As a result,
Mtot/µB decreases toward zero as ζ increases, as shown
in Fig. 4.
Note that Fig. 4 is suitable in the case where the crys-
talline electric field splitting ∆ between t2g and eg is
much larger than SOI ζ. In the opposite limit ∆ ≪ ζ,
the usual form of the Lande´ g factor is recovered, giving
gj = 4/5 for l = 2, s = 1/2, and j = 3/2, which is the
ground state of SOI in the electron configuration of an
electron on 5d or 4d quintuply degenerate orbitals. Here,
l is defined as the orbital angular momentum of five d
orbitals, and j ≡ l+s. Then, the magnetic moment of 5d3
or 4d3 ions becomesMtot/µB = gj(3/2+1/2−1/2) = 6/5
by the J-J coupling scheme.
The ζ dependence of the number of electrons on four
Γ8 orbitals (nΓ8) and two Γ7 orbitals (nΓ7) in the ground
state is shown in Fig. 6, where the wave functions of Γ8
and Γ7 orbitals are defined as in ref. 8. The red and blue
lines indicate the numbers of electrons on the Γ8 and Γ7
orbitals, respectively. For ζ = 0, the number of electrons
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Fig. 6. (Color Online) ζ dependences of the number of electrons
on four Γ8 orbitals (nΓ8) (red line) and two Γ7 orbitals (nΓ7 )
(blue line) for Jd = 0.1 (eV) (dashed line) and Jd = 0.5 (eV)
(solid line).
on Γ8 and Γ7 orbitals (nΓ7) are nΓ8 = 2 and nΓ7 =
1. As ζ increases, nΓ8 increases and nΓ7 decreases, and
the numbers of electrons on these orbitals approximate
nΓ8 ≃ 3 and nΓ7 ≃ 0, respectively.
We qualitatively study the reduction in the magnetic
moment due to the hybridizations between the d and p
orbitals on the basis of a cluster model consisting of d
and p orbitals on oxygens around d orbitals. In NaOsO3
and SrTcO3, the electronic states around the Fermi level
are constructed from antibonding orbitals of d- and p-
orbitals, respectively.2, 4–6 The antibonding orbital φi is
expressed as φi = Aψdi+
∑
j=x,y,z Bjψpj (i = xy, yz, zx),
where ψdi and ψpj (j = x, y, z) are the wave functions of
the di and pj orbitals, respectively. The effective SOI and
effective ferromagnetic exchange interaction between φ’s
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are ζ˜ ≃ A2ζ and J˜d ≃ A
4Jd, respectively, where we ne-
glect the SOI on p orbitals and the Coulomb interactions
except for Jd. Here, we compare the magnetic moment
for A = 1.0 (no hybridization) and that for A = 0.7,
which are reasonable values, to understand the role of
hybridization between d- and p-orbitals. The magnetic
moments are about Mtot/µB ≃ 2.8 for A = 1.0, Jd = 0.5
(eV), and ζ = 0.5 (eV), and about Mtot/µB ≃ 1.5 for
A = 0.7, J˜d ≃ A
4Jd ≃ 0.1 (eV), and ζ˜ ≃ A
2ζ ≃ 0.3 (eV).
It is found that the magnetic moment becomes smaller
with the hybridization between d- and p-orbitals.
Finally, we compare the theoretical and experimental
results. The Os ion in NaOsO3 and the Tc ion in SrTcO3
have (5d)3 and (4d)3 electrons, and magnetic moments of
about 1µB
3 and about 1.9µB,
2 respectively. It is known
that the energy splittings between J = 4 and J = 3 are
about E(J = 4) − E(J = 3) = 4λOs ≃ −0.516 (eV)
for the Os atom (5d66s2) and E(J = 4) − E(J = 3) =
4λTc ≃ −0.0937 (eV) for the excited state of the Tc atom
(4d6),9 where λ is the amplitude of the SOI between L
and S determined by Hund’s rule. ζ and λ are connected
by the relation ζ = −(4l+2−N)λ, where N and l are the
number of d electrons and the orbital angular momentum
quantum number, respectively. The SOI ζ values for Os
and Tc are estimated as ζOs ≃ 0.516 (eV) and ζTc ≃
0.0937 (eV), respectively, for N = 6 and l = 2. In Fig.
4, the magnetic moments are about 1µB for Jd = 0.1
(eV) and ζ = 0.5 (eV), and about 2µB for Jd = 0.1
(eV) and ζ = 0.1 (eV). These results are consistent with
the experimental results. This implies that NaOsO3 and
SrTcO3 are located in the middle of the L-S and J-J
coupling schemes.
In summary, we have discussed the effect of SOI on
transition-metal ions in which three electrons occupy t2g
orbitals. We have shown that the magnetic moment of d
electrons on (5d)3 and (4d)3 is reduced by SOI. We have
qualitatively clarified that the hybridization between p-
and d-orbitals assists in the reduction in the magnetic
moment due to SOI. We have found that the (4d)3 and
(5d)3 systems are located in the middle of the L-S and
J-J coupling schemes.
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